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1 Introduction 



The quantization of the 4-dimensional gravity is the most interesting and the most difficuh 
problem in physics. Though there are many attempts and efforts to solve this problem, we 
have not yet obtained sufficient results. It is due to the non-renormalizability and the com- 
plexity of the Einstein-Hilbert action. The path integral quantization, which is a powerful 
tool in the ordinary quantum field theory, is not valid for the 4-dim quantum gravity, because 
the Einstein-Hilbert action is bounded from neither above nor below owing to the conformal 
factor of the metric and it causes the divergence. There are three typical attempts to over- 
come these difficulties: the superstring theory, the lattice gravity, and the ADM canonical 
formalism. Each approach has benefit and difficulty. 

The superstring theory has been the most promising one as the candidate of the theory 
of everything. The Einstein gravity can be derived as a low-energy limit of the string theory. 
Moreover since there is no ultraviolet divergence in this theory, it has more manageable 
perturbative behavior than the Einstein gravity. In spite of much success, the superstring 
theory has come to a deadlock because of the mathematical difficulties. Even if we accept 
the string theory as a unified theory, it seems difficult to use it for the quantization of the 
universe. The conformal field theory, which has its origin in the string theory, has developed 
rapidly and has been applied to various situations. In particular the CFT has solved the 
2-dimensional quantum gravity non-perturbatively. But it seems difficult to apply similar 
method to the 4-dim gravity. 

Recently the lattice gravity has progressed vigorously as a non-perturbative approach to 
the 4-dim quantum gravity. The examples are the Regge calculus and the Turaev-Viro theory, 
and so on. We must ascertain whether all the matters which exist in our world can be dealt 
with in lattice gravity. 

The ADM canonical formalism in which we use the 3-dim metric as the dynamical 
variables, is used when we want to quantize the gravity non-perturbatively. It is well known 
that the Hamiltonian of the Einstein gravity reduces to a linear combination of the first class 
constraints. In the quantization by the ADM formalism, we consider these constraints the 
quantum constraints and use them to select the physical states from the space of functionals 
defined on the 3-dim metric. But unfortunately these constraints are non-polynomials of 
the canonical variables and we can solve them only when there are few degrees of freedom. 
Moreover we have another difficult problem of operator ordering. Since the Poisson bracket 
algebra of classical constraints represents the diffeomorphism invariance of general relativity, 
this and the commutator algebra of quantum constraints must be isomorphic to each other. 
But unfortunately there is no operator ordering in which required isomorphism is realized. 

Recently a new formalism of the general relativity has been presented by Ashtekar p[ . 
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In this formalism, we take the vierbein fields and the (anti-) self-dual part of the Levi-Civita 
connection as fundamental variables. It is shown that the constraints of the gravity are simple 
polynomials of Ashtekar's canonical variables, and we would expect that we can quantize the 
gravity non-perturbatively. There have been some efforts already and a large class of the 
physical states have been obtained@]0@]. 

Some types of matters can be included in the Ashtekar formalism, remaining the con- 
straints to be polynomials of the canonical variables. When we couple matters to gravity, we 
must ascertain in each case whether the constraints are polynomials of the canonical variables. 
The typical and interesting examples which deal with matters are the N=l,2 supergravities 
iMlfHiIll- It is shown that the constraints are polynomials of the canonical variables and the 
Poisson brackets among the supersymmetry generators are closed. 

In this paper we discuss the Ashtekar formalism of the N=l,2 supergravities and obtain the 
WKB wave functions. In section 2 and section 3, the Ashtekar formalism of the N=l,2 super- 
gravities are given. These theories are written by using the pure spin-connection formalismp. 
The left- and the right-supersymmetry transformations are represented in asymmetric ways. 
The left-supersymmetry transformations in both N=l and 2 supergravity are parametrized 
by usual left-handed spinor parameters. But the right-supersymmetry transformation in N=l 
case is realized by 1-form spinor parameter which depends on field. In N=2 case, the right- 
supersymmetry transformation is realized by 1-form spinor parameter and 1-form bosonic 
parameter both of which depend on fields. It is shown that the constraints become polyno- 
mials of the canonical variables for N=l,2 supergravities, with a slight modification for N=2 
case. 

In both N=l and 2 case we calculate the commutators of the supersymmetry transforma- 
tions on each field and find that they are not closed even on shell. The cause of this feature 
is that the right-supersymmetry transformations are realized by parameters which depend on 
fields. We also calculate the Poisson algebras of the supersymmetry generators and find that 
they are closed among the generators of the local symmetries of the theories. Therefore there 
is no inconsistency. 

In section 4, we solve the constraints and obtain the WKB wave functions of the super- 
gravities with non-zero cosmological constants. In the WKB wave function of the pure 
gravity is obtained when the cosmological term exists and it has the form of exponential of 
the Chern-Simons functional. The WKB wave functions of the N=l,2 supergravities have 
the forms of exponentials of the N=l,2 supersymmetric-extended Chern-Simons functional. 
Section 5 is devoted to the discussion. The notations and the formulas used in this paper are 
given in the appendix. 

Section 3 is based on the work with Dr. Kunitomo^]. 
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2 The Ashtekar Formalism of N=l Supergravity 



In this section we consider the Ashtekar formahsm of the N=l supergravity. The Ashtekar 
formahsm of the N=l supergravity has been given first by Jacobson0 and reformulated in 
more elegant form in ref|P]. 

In this paper we use the method of the 2-form gravity 0. We represent the left- and the 
right-spinor indices as A, B,C, - ■ ■ and A', B', C, ■ ■ ■, respectively, e"^"^', ipAi and ^pA' express 
the vierbein, the left- and the right- component of gravitino. We define the 2-form fields T,"^^ 
and as 



X 



(2.1) 
(2.2) 



The Lagrangian of N=l supergravity with cosmo logical term in the Ashtekar formalism is 
given by ||: 



O 2 OA 



1 



■^AB A ^CD 



■^AB A ,,C 



(2.3) 



where Rab is the curvature of the anti-self-dual part of 50(3, 1) connection ujab, D is the 
covariant derivative with respect to ujab, and g and A are real constants. —^Tjab A 
is cosmological term with cosmological constant A = g"^. "^abcd and k.abc are Lagrange 
multipliers which require the following constraints: 



j:(^^ax^^ = 0, 



(2.4) 
(2.5) 



where the indices between '(' and ')' are completely symmetrized. These algebraic constraints 
guarantee the decomposition ( p.lD and ( |2.2| ). 

The Lagrangian (|2.3| ) is invariant up to total derivatives under the left- and the right local 
supersymmetries. The left-supersymmetry transformation is given by: 



h^AB 
Sli^A 

SlX^ 
Sli^abc 
Sl^abcd 



>^gi^iA es), 

DeA, 
Xg^^'^es, 

— '^ABCD e^, 

— 2Xg Ki^ABC CD), 



(2.6) 
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where is a left-handed spinor parameter. The right- supersymmetry transformation is: 



Srujab 

^rXa 
Sri^abc 
Sr'^abcd 



-K.ABCV'^, 

9 

-DriA, 

0, 

0, 



(2.7) 



where the parameter tja is 1-form left-handed spinor parameter which satisfies the following 
algebraic constraint: 

J^{AB ^ ^C) ^ g_ ^2.8) 

This condition can be solved on shell and r]^ is decomposed as 



(2.9) 



where e"^' is a right-handed spinor parameter. Now we carry out the 3+1 decomposition of 
the Lagrangian ( |2.3| ). We define variables ii^^^ and vf*"^ by 



~iAB 
TT 



TT 



JjkspAB 
9 ^jfc" 



Then the algebraic constraints ( |2.4| ), ( p.5| ) are rewritten as 
As is shown in the appendix, we can solve these equations: 



sr^AB 



Xoi 



(2.10) 
(2.11) 



(2.12) 
(2.13) 



(2.14) 
(2.15) 



where M4 is the spinor field of the weight -1, andiV and A^* correspond to the lapse function 
and the shift vector in the ADM formalism, respectively. 
The Lagrangian in the canonical form becomes 



-iL 



r^^UiAB + ^"^i^iA 



(2.16) 
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where loqab, '4'oAiMaiN , and A^* are the Lagrange multiphers. The constraints are given by 



H 



~iAB 



(A~B)i 



~iA~jCB 



~iA~jCB 



9 



{DiljB)ij + ^ eijfcvrl 



9' 



RijAB — ^ '^ijk'^AB + X9i'i{Ai>B)j 



(2.17) 
(2.18) 
(2.19) 



(2.20) 



H, 



^JAB 



9' 



RijAB — ^ ^ijkT^^B + X9i'i{A''pB)j 
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:2.2r 



qAb ^ L^, R^, H, and Hj are the quantities with the weights +1, +1, +2, +2, and +1, 
respectively. 

In this paper we always use the left derivatives for the fermionic fields. The Poisson 
brackets between the canonical variables are 



(2.22) 
(2.23) 



—i in the r.h.s comes from the imaginary factor —i in Lagrangian( |2.3|) . The constraints 
qAb ^ L"^, R"^, H, and Hj are the generators of the local Lorentz transformation, the left- 
and the right-supersymmetry transformations, the time-reparametrization, and the 3-dim 
diffeomorphism. These constraints are written in polynomials of the canonical variables. 

Now let us calculate the commutators of the supersymmetry transformations on each field 
and the Poisson brackets among the generators of the supersymmetries and compare the 
former and the latter. 

First we calculate the commutators of the supersymmetry transformations on each field. 
These commutators must be closed among the local symmetries at least up to the equations 
of motion. Hence these must have the forms: 



5i(LorR), 82{LorR)\ held = (^ (5a)field, 

a&S 

S := the set of the local symmetries of N=l supergravity. 



(2.24) 



By using the explicit forms of the transformations, we can calculate the commutators on 
each field. The left-left commutator is: 



(2.25) 
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where 5'^ is the local Lorentz transformation and the parameter K-^b is given by 

K^B = \\g{eie2B+ eiBe^). (2.26) 

Here we use the equations of motion. When we calculate the commutators which contain 
the right transformation, we must note that the parameter 77^ depends on T^ab through (^.Sj) 



and Tj"^ must be transformed such that the algebraic constraint (|2.8| ) still holds after the 
transformation: 

<5^(^)(S(^^Ar^^))=0. (2.27) 
The right-right commutator is then given by 

[^niVi). ^nim)] = Snivs), (2.28) 

where 773 is given by 

= - SR2vt- (2.29) 

Here we used the equations of motion. The left-right commutator on the fields except the 
auxiliary fields "^abcd and k^bc is 

Me), SBM=S'''f^{v) + 6L{e') + 6n{r^') + 6'\A), (2.30) 

where represents the diffeomorphism. The parameters appeared above are determined 

by: 

^AB = -iv^^AB, (2.31) 



where represents the interior product. By ( |2.27| ) and ( p.31| ) we obtain 



E(^^aV''^=^,(S(^^Ax''^), (2.32) 

and T]'"^ satisfies ( |2.8| ) on shell. 

The left-right commutators on the auxiliary fields are: 

[5l( e), 6r{t])] "^ABCD = iv{D^!ABCD + 2\gK(^ABci^D)), 

[5l( e), Snir])] kabc = iviDt^ABC + ^abcd^^)- (2.33) 



where the parts • • ■ are the same as ( ^^.30] ). The extra terms in ( |2.33D don't disappear even 
on shell. The cause of this phenomenon seems to be that the parameter rj"^ depends on 
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Yi^^ through ( p.8|) . To confirm this statement, next we calculate the Poisson brackets of the 
constraints of the supersymmetry. The reason why we calculate the Poisson brackets is as 
follows. Since the constraints are the generators of the local symmetries of the theory, we 
can realize all the local symmetry transformations by constraints and parameters which don't 
depend on fields. If the Poisson bracket algebra of the constraints is closed, we may consider 
that the algebra of the symmetries is closed. 

The following smeared constraints are the generating functionals of the symmetries: 

G{k) = jd^xkABG^^^ L(e) = y^^xe^L^, R{7]) = J d^x7]AR^, 

(2.34) 

H(A^) = J d^xNH, H(iV) = J d^xN'Ui, 

where the parameters Aa_b, ^a, Va, N, and A^* are the quantities with the weights 0, 0, -1, -1, 
and 0, respectively. Then the Poisson brackets among the supersymmetry generators are: 

{L(60, L(e2)} = G(A), 

Aab = -i>^gei(AeB)2, (2.35) 

(2.36) 



{L(e), R(r/)} = H(Ar) + H(Ar), 
1 

2' 



N' = teAVBr^"", (2.37) 

(2.38) 

{R(r7i), R(r/2)} = R(%), 

V3A = -2i{'r]i(A'nB)2T^(flpf + r]l(Bf]C)2T^A^1pf)- (2.39) 

Consequently the Poisson brackets are closed among the local symmetries in the theory. 
Therefore the algebra of the supersymmetry is closed. 



3 The Ashtekar Formalism of N=2 Supergravity 

In this section we discuss the Ashtekar formalism of the N=2 super gravity 0. In the case of 
the N=2 supergravity the gravitinos form an SU{2) doublet and U{1) gauge field appears. 

Let ipA and 1^% t>e the left- and the right-component of gravitino, respectively. The indices 
a,b,c,--- are the internal SU{2) indices. We define 2-form field Xa 

X^ = ei,Aijf. (3.1) 
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Now the chiral Lagrangian of the N=2 supergravity is given by[§: 

-zL = S^^ A Rab + xf a DrA - Uabcd^'''' A S^^ - k^^^^^ A 

+ <PabF a S^^ - i^^B^CDS^^ A S^^ + i^^Bxf A x'"' -^FAF, (3.2) 

and cosmological term and extra terms which are required when we consider the theory with 
non-zero cosmological term are 

-tL^osm = (7'S^BAS^^ + (7(r3)„V^AV^^A^, 



bB 

l:9irWA A - 9{r')\x^ AAA^\, (3.3) 



where A is U{1) gauge field, (? is a real constant, and q^T^ab A S^-^ is cosmological term with 
cosmological constant A = —Qg^. 
F is given by 

F = dA-^rA^ (3.4) 

and 

ir\„ -[II). (3.5) 

The Lagrange multipliers abcd and i^'abc require the algebraic constraints 

^{AB ^^CD) ^ ^3 g) 

S(^^Ax?^ = 0, (3.7) 



which guarantee the decomposition (|2.1|) and ( |3.1| ). 

This action is invariant under the left- and right-supersymmetry transformations up to 
total derivatives. The left-supersymmetry transformation is: 



= 


_yiA B)a 


hVA = 


De^X-gir'TbAe^, 


hXa = 


{F-<PcD^^^)et + 2g{T')\i:^''e,B 


SlA = 


-rA^t 


Slujab = 


2g{T^)a^lAeB)h. 


^L^ABCD = 


-Ag{r^)a\lABC ^D)b, 


^Ll^ABC = 


-'^ABCDe"'' + 3giT'rb(l)^ABe'c), 


Sl4>ab = 


'^ABC ; 



(3.^ 



where is a left-handed spinor parameter. 
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The right-supersymmetry transformation is: 
Sr^abcd = 0, 

^Rl^ABC = 0' 
SR(j)AB = 0, 

where r]'\ is a 1-form spinor and ^ is a bosonic 1-form which satisfy the constraints 

S(^^Ar^P = 0, 

We can solve these constraints on shell and obtain 

where e^' is a right-handed spinor parameter. 

Now let us consider the 3+1 decomposition. We define new variables: 

-lAB l ijk^AB 

"a o /^ajk ' 



2 



1 



^* J, ;^iAB Ajk rp 



Using these variables, (p.6| ) and (|3.7|) are rewritten as 
These constraints can be solved as 



AB 



AaOi 



"2 ^^J'^ 



+ (^ijkT^B Mca, 
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where M^a is the fermionic field of the weight -1. 
The Lagrangian is rewritten as 



-iL = r^^CjiAB + T^T^li + T^'A. 



~iA'i,a 



(3.19) 



where ujqab, i'oAj ^o,-^^, andM^ are the Lagrange multipliers and the constraints are 



G 



AB 



JJ.^^AB , ~i(A„iB)a 



+ 



z.jAB~k I, ~jA 



G 
H 



~jA~kCB 



H, 



RABjk + ei^fcTT^B - 2^(T=^)„bVA[i^fc]B 



(3.20) 
(3.21) 

(3.22) 
(3.23) 



2hij'K^ 



(3.24) 



where EE* is defined by 



jki 



(3.25) 



(3.26) 



and hij is the 3-dim space metric. All of the above constraints are polynomials of the canonical 
variables except and H. The non-polynomial feature of these two constraints result from 
that of hij. They become polynomials of the canonical variables by multiplying them by 
h :— det hij because hhij is a polynomial of the Tf*"^^. G^-^, , R^, G, H, and Hj are the 
quantities with the weights +1, +1, +2, +1, +2, and +1. 
The Poisson brackets among the canonical variables are 



{u;iAB{x,t),n^''''{y,t)} = 
{V',^(x,i),7ff(t/,i)} = 
{Mx,t),7r^{y,t)} = 



-iSi5^'){x-y). 



(3.27) 



As in the case of the N=l supergravity, we must check whether the algebra of the su- 
per symmetries is closed among the local symmetries of the theory. First we calculate the 
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commutators of the supersymmetry transformations on each field. The left-left commutator 
is: 



A = -eUet (3.28) 

where we use the equations of motion. 

When we calculate the right-right and the left-right commutators we must note that, 
since t]^ and ^ depends on T,^^ and Xa through the constraints ( |3.10| ), r]^ and ^ are also 
transformed by supersjnumetry transformations. These parameters must be transformed as 
the following relations hold: 

5^(«)(S^^Ae-x"^''Ar/f)) = 0. (3.29) 

Using the above relations and the equations of motions, the right-right commutator for each 
field except ujab, "^abcd, and k^bc* 

Mvu eO, Sn{V2, 6)] = HV3, 6) + 5'^(A) + S^'^'HX), (3.30) 
where the parameters appearing above are determined by 

vi = - ^iJ2< + A^f , 

Aab = -X<Pab. (3.31) 
As can be seen easily, the following equations are obtained: 



S^^^A^a = x"(^A%^J + A(DS^^ + xi^A^^)«), (3.32) 

and hence rj^ and ^3 determine a right-supersymmetry transformation on shell. The commu- 
tators for the remaining three fields are 



[Sr{Vi, 6), Sr{V2, 6)] l^AB = ■■■ + KD<pAB - I^ABci^a 
[^i?('7l, 6), '^i?(^2, 6)] "^ABCD = AX(j)E(A'^BCD)^ 



[SRivi,^i),HV2,^2)]K^ABC = ■ ■ ■ - 3A0z,(^/€^^) - A(7(t3)«4^^. (3.33) 
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The extra terms in these equations don't vanish even on shell. The same situation happens 
in the left-right commutator. The left-right commutator for each field except the auxiliary 
fields is 

M e), Sniv, 0] - S^'^^iv) + Sl{ e') + 5n{r^\ O + S'^^i^) + S''^'\>^), (3-34) 
and the parameters appearing above are determined by 

• yAB _ (A B)a 

e = SL^-i,{F-<f>AB^^'')-g{T'tvW, 
AaB = —iv^AB 

A = -iyA, (3.35) 

and as can be seen easily, one obtain the following equations: 

^i^^Arj'P = -i.(S(^^Ax^)), 

E^^AC' = x'^(^Ar7f)-z.{(F-0aDS^^)AE-^^ + lxi-"Ax^)'^}. (3.36) 

Therefore r]'^ and ^' determine a right-supersymmetry transformation on shell. The commu- 
tators for the auxiliary fields are: 

[6l{ e), Snir], 0] "^abcd = i,{D^ABCD + 4^(r^)a«(^sc^i?)6), 

Me), 6r{7j, 0] kIbc = • • • - ^v{Dk'Xbc - gir^Tb^nABC 

+ '^ABCDr'' -Mr'TJiABlp'c)), 

[SL{e),SR{r),0]<t>AB = •••-i.(L'(/)AB-«W^f). (3.37) 

The extra terms in these equations don't vanish even on shell. As is in the case of the 
N=l supergravity, the cause of this phenomenon seems to be that the right-supersymmetry 
transformation is defined by the parameters which depend on the fields. To ascertain directly 
that the algebra of the supersymmetry transformations is closed, we must calculate the Poisson 
brackets among the supersymmetry generators explicitly. We define the smeared constraints 
as follows: 

G{A) = JcI^xAabG^^, L{e) = Jd^xe'XL^, R{7]) = J d^xr]%hR^, 

G{X) = J d^xXG, H(7V) - J d^xNh'^U, H(7V) = d^xN'h^Hi, (3.38) 



R(77) = / d'xf,%h'Rt 
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where we define two smeared constraints for R;^ for convenience of the calculation. Kab, ^% 
rj% A, A^, A^*, and 17^ are the quantities with the weights 0, 0, -3, 0, -5, -4, and -5. 
The Poisson brackets among the supersymmetry generators are: 



{L(e),L(e')} = G(A) + G(A), 

Aab = 2tg{T\,elAe%), (3.39) 



{L(e), R(r7)} = H(iV) + R(V) + H(iV), 

v'a = -^i{2e'^r^\^.BcK'^ + e^cW^kA^''''). 

= 2zeU''^AB, (3.40) 



{R(r/i), R(r/2)} = G(A) + G(A) + R(r/3), 
Aab = 2iriiacvfh'^'^'T^iAB, 
A = -Atr]iaAV2^h^, 



c 

+i{VlaBV2bC + VlbCV2aB)hTl^^^i)f^ , (3.41) 

and hence the Poisson bracket algebra of the supersymmetry generators is closed among the 
generators of the local symmetries in the theory. 



4 The WKB Wave Functions 

In this section we consider the WKB wave functions of the N=l,2 supergravities with non-zero 
cosmological constants. Similar WKB solution of the pure gravity is discussed in 0. Here 
we briefiy review the case of the pure gravity. The Ashtekar formalism of the pure gravity 
with a non-zero cosmological constant is defined by the Lagrangian 

-iL = ^AB A i?^^ - ^T.AB A - \^abcdT.^^ a E^^, (4.1) 

D 2 

and the constraints are 

GAB n ~iAB 

H~iA~jCB(T3 ^fc ^ 

= TTfj Tl-' [KijAB - ^ijkT^AB)^ 

Hj = T\^^^{RijAB - ^^ijkT^AB)-, (4-2) 
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where A is cosmological constant and vr*^^ is defined by (|2.10|) . The Poisson brackets between 
the canonical variables are: 

{u,AB{x,t), ^■^^(y,t)} = -t6iSfjE/'\x - y). (4.3) 

In the quantization, we replace the Poisson bracket by the canonical commutation relation: 

'u,AB{x,t), 7f^-^^(y,t)] = 515^a5%5^^\^ - y)- (4.4) 



We take the representation that UiAB is diagonalized: 

5 



-lAB 
TT 



(4.5) 



5uJiAB ' 

and redefine the 1-form ujab as 

ujab ■= uJiABdx\ (4.6) 
where the index i is the 3-dim space index; i = 1,2, 3. Then we define the following functional: 

3 



$ [i^iAB] 

w 



exp 



2A 



W 



UAB A du^^ + '^UAC A A 



(4.7) 



One can easily check that this functional vanishes by action of the constraints ( [4 .21) when the 
ordering of the operators is fixed as in ( [4.2[ ). This semi-classical wave function has the form 
of exponential of the Chern-Simons functional. 

We can obtain similar semi-classical wave functions for the N=l,2 supergravities. First we 
consider the case of the N=l supergravity. The canonical (anti-) commutation relations are: 



u;iABix,t),n^'^^iy,t)] = 61 6^aSE/'\^ - v) , 
{^.A{x,t),n^^{y,t)} = 6i6i6^'\x-y). 



(4.8) 
(4.9) 



We take the representation in which uJiab and ipiA are diagonalized: 

6 



~iAB 
71 



TT 



SuJiAB ' 
6 



Slpi 



(4.10) 



We fix the ordering of the operators as in (|2.171 )- (|2.21| ) and redefine two 1-form fields ujab 
and ipA as 



^A 



UJiABdx' 

i)iAdx\ 



(4.11) 
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where i = 1,2, 3. Then it can be easily seen that the following functional vanishes by action 
of the constraints of the N=l supergravity: 

3 



^[uAB^-ipA] = exp 



2g' 



N=l 



w, 



N=l 



uoab a duo'^^+ -uoac a cjg a uj"^^ -Xgip"^ ADipA- 



iA.12) 
(4.13) 



As is expected, in the case of the N=l supergravity, the part of the Chern-Simons functional 
in the case of the pure gravity is replaced by supersymmetric-extended one; indeed, the 
functional / Wn=i is invariant under the local supersymmetry transformation 



Suab 



-\g e^AtpB), 
DeA, 



(4.14) 
(4.15) 



where the covariant derivative D is that corresponding to the connection ( [4.6| ). 

Next we consider the case of the N=2 supergravity. In quantization the Poisson brackets 
( ^.27| ) are replaced by 



Aix,t),n^iy,t)] = 5{5^'\x-y). 
We take the representation in which UiAB, i^iAy diagonalized: 



(4.16) 



~iAB 
TC 



5^iAB ' 
6 



^A 

6 



(4.17) 



We fix the ordering of the operators as in ( |3.20D -( p.25D and redefine three 1-form fields ujab, 
and A as follows: 



^AB 

rA 

A 



UiABdx' 

i^tAdx\ 
Ai dx . 



Then the WKB wave functional of the N=2 supergravity is given by 

1 



$ [UJAB. A] 
Wn=2 



exp 



W. 



N=2 



(4.18) 



(4.19) 



uab a did"^^ + -ujac /\uj 



AB 



-2g{T%,rA A - g{Ty^A A r"") + '^g'A A dA. (4.20) 
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As is in the case of the N=l supergravity, the 3- form Wn=2 is the N=2 supersymmetric- 
extended Chern-Simons 3-form; in fact, / Wn=2 is invariant under the N=2 local supersym- 
metry transformation: 




6A 




(4.21) 



5 Discussion 

In this paper we discussed the Ashtekar formalism of the N=l,2 supergravities and their WKB 
wave functions. The constraints can be written in polynomials of the canonical variables and 
the Poisson bracket algebras of the supersymmetry generators are closed among the generators 
of the local symmetries of the theory. We solved the constraints semi-classically and obtained 
the WKB wave functions of the N=l,2 supergravities. These wave functions have the forms 
of exponentials of the N=l,2 supersymmetric-extended Chern-Simons functional. 

The Ashtekar formalism solve the difficulties which come from the non-polynomial feature 
of the ADM formalism partly but it doesn't solve them thoroughly in the following sense. 
Since the phase space of the gravity is extended in the Ashtekar formalism, we must set some 
"reality conditions" to take out the net phase space from the extended one[0. These reality 
conditions are non-polynomials in general. Furthermore the problem of the operator ordering 
is still left. 

In this paper we use the representation in which the momentums are replaced by the 
functional derivative operators. This type of the quantization corresponds to the self-dual 
represent ation[^]. In reff^, the physical states are derived as the functionals defined on the 
generalized knot space. This representation is called the loop space representation. This and 
the self-dual representation are dual each other. It is an interesting problem whether there 
exists a corresponding quantization program for supergravities. In the loop space representa- 
tion of the pure gravity, the physical states are related to the invariants of the knots. We may 
expect that there are some invariants corresponding to the physical states of supergravities. 
The WKB wave functions obtained in this paper will be useful when we seek for the loop 
space representation of supergravities. 
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Appendix 



Here we sum up the notations and formulas used in this paper. The space-time signature 
is (— , +, +, +). We represent the 4-dim space-time indices and the local Lorentz indices by 
HjU, p, ■ ■ ■ , and a,b,c, ■ ■ ■ , and the 3-dim space indices and the flat space indices by i, j,k, - ■ ■ , 
and I,J,K,---, respectively. The basis of SL{2, C) and SU (2) spinors are 



_ 1 / 1 \ , _ 1 / 1 

" 71 1 ' " 71 1 / ' 



2 



1 

71 



i 
-i 



and 



'AB 



2i 



1 

-1 



' 'AB 



2i 



'^AA' 



i 

I 



71 I -1 / ' 



(5.i; 



> 'AB 



2i 



-1 



(5.2) 



respectively. The 5*0 (3, 1) vector Va is transformed into SL{2,C) spinor as vaa' '■= VaC^A'^ 
and the SO{3) vector uj into SU{2) spinor as uab '■= 'i^iT'ab- We define the anti-symmetric 
spinors by 

1 
-1 



^AB — e — ^A'B' 



^A'B' 



The spinor indices can be raised and lowered according to the conventions 

A"^ = €^^Xb, ^a — A^ €ba- 



(5.3) 



(5.4) 



Taking an adequate gauge, we fix the form of the vierbein field as follows: 



\ 



I 



(5.5) 



where N and N"^ are the lapse function and the shift vector, respectively. Defining the 3-dim 
space metric hij by /ijj = e^e/j, the line-element of space-time is given by 



ds' = -N'dt' + hijiWdt + dx'){N^dt + dx^). 



(5.6) 



Introducing the dual basis e\ by e}ej — we have 

T^AB = 



AB 



(5.7) 
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by the straightforward calculation, where h = det hij. The following identities are obtained: 

^\c^b' = hh^^AB- e^'^^kAB, (5.8) 

T^iACT^fs = hhij eAB - (^ijkhTl^B^ (5-9) 

hhij = ^nf'^jAB, (5.10) 

^iABr"""" = 2h6fjEy (5.11) 

We also have 

E^f = ^meuT'^^+^-e,,,N^Vhey^'' (5.12) 

= -MTff^ - e,,,iV%'=^^, (5.13) 

where iV = N/ \fh. By the formula t^iab = ~ \ ^ijkT^AC^W ^ finally we obtain 



J.AB 



Oi ~ 2 ^^^^ 



(5.14) 



We can ascertain that ( p.l5| ) and (p.l8| ) are the solutions of ( |2.13| ) and ( |3.16| ) under ( |2.14| ) 



and (p.l7|) , respectively. By counting of the degrees of freedom, (|2.15|) and (|3.18|) are just the 
general solutions. 
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